We discuss a new class of expansions in perturbative QCD, based on the technique of conformal mappings of the Borel plane, and apply them for the determination of αs from the hadronic decays of the τ lepton. Using the expansion up to fifth order in the MS scheme, the method leads to the prediction αs(M 2 τ ) = 0.320 ± 0.011.
INTRODUCTION
The determination of the strong coupling α s is one of the most important tests of QCD. The recent determinations at various scales are in an impressive agreement among each other, leading to the world average [1] α s (M 2 Z ) = 0.1184 ± 0.0007.
(
The hadronic decays of the τ lepton provide one of the most precise ways of extracting α s . The recent calculation of the Adler function to four loops [2] triggered several new determinations of α s (M 2 τ ). One may note that the average reported in [1] α s (M 2 τ ) = 0.330 ± 0.014, (2) leads to the value α s (M 2 Z ) = 0.1197 ± 0.0016, slightly higher than the global average (1) .
The discrepancy between the so-called contourimproved perturbation theory (CIPT) [3] and the more usual fixed-order expansions (FOPT) appears to be the largest systematic theoretical uncertainty in the determination of α s (M 2 τ ). The recent works [4] - [6] show that this discrepancy did not go away by adding the presently known higher-order terms in the expansion of the Adler function. An attempt to understand the difference between CIPT and FOPT was performed in [7] , based on previous studies [8] , which exploit the information about the high-order behaviour * Speaker of the perturbation expansion, encoded in the singularities of the Adler function in the Borel plane. Essentially, the usual series in powers of the Borel variable is replaced by an improved expansion in powers of an "optimal" variable that maps the Borel cut-plane onto a disc. In the present contribution we extend the investigation by considering other conformal mappings, useful when the known nature of the dominant singularities of the Borel tranform is also incorporated. We illustrate the usefulness of the new expansions using some realistic models of the Adler function, and apply the method for a new determination of α s (M 2 τ ).
ADLER FUNCTION
The determination of α s (M 2 τ ) is based on the the evaluation of the integral
where
and the Adler function D(s) is expressed in perturbative QCD as
where a s (µ 2 ) = α s (µ 2 )/π. The first coefficients K n calculated in the MS scheme are K 1 = 1, K 2 = 1.64, K 3 = 6.37 and K 4 = 49.08. For the next term the choices K 5 = 283 and K 5 = 275 were made recently in [5] and [6] . Finally, κ n (−s/µ 2 ) depend on the coefficients of the renormalization-group (RG), and the renormalization scale µ 2 is chosen as µ 2 = −s in CIPT and µ 2 = M 2 τ in FOPT. Expansions alternative to (4) were proposed in the literature from various motivations. In the present work, the objective is to include theoretical knowledge about the high order behaviour of the series. From particular classes of Feynman diagrams it is known that K n ∼ n!, so the renormalized perturbation series (4) is divergent and is usually assumed to be an asymptotic series. From independent arguments it is known that correlation functions like D, regarded as functions of α s , are singular at α s = 0. For QED these facts are known since a long time [9] , but they do not affect the phenomenological predictions since the coupling is very small. By contrast, for a large coupling like α s (M 2 τ ) in QCD the consequences are nontrivial.
The information about the high-order behaviour of the series (4) is included in the singularities of the Borel transform B(u), defined by the series
where β 0 is the first coefficient of the RG β-function. According to the present knowledge, B(u) has singularities on the real axis for u ≤ −1 and u ≥ 2, known as ultraviolet (UV) and infrared (IR) renormalons, respectively. The expansion (4) can be formally obtained from B(u) by means of an integral of BorelLaplace type. The recovery of the function D(s) is actually ambiguous: there are many integral representations admitting (4) as an asymptotic expansion (for a recent discussion see [10] ). As shown in [11] , the principal value prescription
yields a function D(s) satisfying to a large extent the general analyticity requirements in the s-plane, and we shall adopt here this definition.
CONVERGENCE ACCELERATION BY CONFORMAL MAPPINGS
Due to the first UV renormalon at u = −1, the series (5) converges only in the disc |u| < 1. The domain of convergence of an expansion and its convergence rate can be increased by expanding the function in powers of a different variable. The following two lemmas [12, 13] show that one can find an optimal variable by means a conformal mapping of the u-plane.
Lemma 1:
Let D 1 and D 2 be two simplyconnected domains in the complex u-plane, with
Lemma 2: Let D 1 and D 2 be the domains defined in Lemma 1, and
n , convergent in the unit discs |z 1 | < 1 and |z 2 | < 1, respectively. Then, at large n one has
From this inequality it follows that the best asymptotic convergence rate is obtained with the variable that maps the whole holomorphy domain onto the unit disc. For the Adler function, assuming that there are no other singularities except the cuts along the real axis for u ≤ −1 and u ≥ 2, the "optimal" conformal mapping is [8] 
It follows that the expansion
where w = w(u), converges in |w| < 1, i.e. in the whole cut u-plane, and has the best asymptotic convergence rate, compared to other conformal mappings which map only a part of the cut plane onto the unit disc. This led us to define the new Table 1 The quantity δ (0) for the model defined in [5] , calculated for α s (M 
By construction, the series (10), when reexpanded in powers of α s , reproduces the coefficients K n known from Feynman diagrams. Moreover, under certain condition, the expansion (10) converges in a domain of the s-plane [8] . On the other hand, as shown in [8] , the expansion functions W n are singular at α s = 0, resembling the expanded function D itself.
In the particular case of the Adler function in massless QCD, the nature of the first singularities of the Borel transform is also known: near u = −1, B(u) ∼ (1 + u) −γ1 and near u = 2, B(u) ∼ (1 − u/2) −γ2 . The exponents γ 1 and γ 2 are positive and are given in [5, 14, 15] . As explained in [16, 8] , this information can be exploited to further improve the convergence, by expanding the product of B(u) with suitable factors that "soften" the dominant singularities. The effect of a mild singularity, which vanishes instead of exploding at u = −1 or u = 2, appears only at large orders in an expansion. So, at low orders we can expand in powers of variables that account only for the next branch-points of B(u). In general, we consider the functions
which map the u-plane cut along u ≤ −j and u ≥ k onto the disc |w jk | < 1 in the plane w jk = w jk (u). We take j ≥ 1 and k ≥ 2, the lowest values leading to the optimal mapping (8) .
As discussed in [7] , in contrast with the optimal conformal mapping, the "singularity softening" procedure is not unique. Numerically, it turns out to be convenient to define the expansion where the compensating factor S jk (u) is a simple expression vanishing at u = −1 and u = 2:
. (14) The exponents γ By combining the expansion (13) with the definition (6), we are led to the class of expansions
du. (16) Strictly speaking, for a fixed pair (j, k) the expansion (13) converges only in the disc |w jk | < min[| w jk (−1)|, | w jk (2)|]. In particular, for j = 1 the expansions diverge for |u| > 2 if k > 2 (for k = 2 the expansion converges outside the disc |u| = 2, but not on the real axis [8] ). However, the expansion (13) enters the Laplace-Borel integral (6) where, especially for small couplings a s (s), the contribution of high values of u is suppressed, reducing the effect of the lack of convergence. On Table 2 The quantity δ (0) for a modified model with d (3), we obtain the "countour-improved" (CI) version of the new expansions. The "fixed-order" (FO) version can be obtained in a straightforward way [7] . The expansion functions W 12 n were investigated in [7] . In what follows we shall investigate also the expansion in terms of W 
MODELS
For testing the convergence of the various expansions we consider a class of models of the type proposed in [5] , which parametrize the Borel function B(u) in terms of a few UV and IR singularities and recover the Adler function by means of (6) . The free parameters are fixed by reproducing the known values of the coefficients K n for n ≤ 4. The specific model proposed in [5] (which uses as input also K 5 = 283), leads to a rather large residue, d IR 2 = 3.13, for the first IR renormalon. To avoid any bias related to this large contribution, we investigated also alternative models having a smaller residue, d IR 2 = 1 (details and more results will be given in [13] ).
For illustration we give in Table 1 the values of the integral δ (0) defined in (3) for the model [5] , calculated with the standard and the modified CI and FO expansions, as a function of the perturbative order N . As discussed in [5] the standard CIPT gives values systematically lower than the true result, while the standard FOPT gives a better approximation. The new CI expansions approach the exact value for increasing N (deviations appear only for the mapping w 23 , for the reasons discussed above). The new FO expansions give in general a less accurate description, but with the mappings w 13 and w 1∞ convergent approximations are obtained also in the FO case.
The numbers in Table 1 In Table 2 we present similar results for an alternative model. By construction the first five rows in Tables 1 and 2 are the same. The CI expansions based on the mappings w 12 , w 13 and w 1∞ approach at large N the exact value also in this case. In the FO case the description is less precise and, for the values of N considered, only the expansion based on w 1∞ exhibit convergence. Table 3 Expansion functions α s (M 
DETERMINATION of α s
We apply now the new CI expansions for a determination of α s (M 2 τ ). Note that we do not use the models discussed in the previous Section, but only the first four K n known in the MS scheme [2] , and an estimate of K 5 . The results are given in Table 3 . The first numbers are obtained with the phenomenological value δ (0) = 0.2402 and K 5 = 283 [5] , those in parantheses with δ (0) = 0.2038 and K 5 = 275 [6] . With the same input the standard CIPT gives α s (M Table 3 are very close to each other, so the uncertainty related to the choice of the expansion is very small. Taking the average and adding the error according to the analysis in [7] 
The average, consistent with the determination based on standard FOPT [5] , is smaller by about 0.02 than the predictions [4, 6] of the standard CIPT. Sorting out this discrepancy is important for the precision tests of QCD in τ decays.
